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Abstract. A generalization of the concept of twisted internal coHom object in the category of conic quantum 
spaces (c.f. |2|) was outlined in pj. The aim of this article is to develope in more detail this generalization. 



1. Introduction 



m 
o 
o i 

Given a couple A, B of conic quantum spaces, i.e. A,B£ CA (the monoidal category of finitely generated 
graded algebras @][S][2]), their symmetric twisted tensor products A o T B P can also be seen as (2nd 
admissible) counital 2-cocycle twisting of the quantum space A o B 0- Then, in the same sense as in 0, we 
can study, instead of the maps A — > H. o B (which define a comma category whose initial objects are the proper 
internal coHom objects of CA), certain subclasses of arrows A — > (TC ° B) , where a; is a counital 2-cocycle 
defining a twist transformation ouTioB. The aim of this paper is to show that, in certain circumstances, these 
,— i classes give rise for each pair A,Be CA to a category Vt A ' B with initial object, namely horn 1 [£>, A], such that 
■ the disjoint union ft = \J A B Q A ' B has a semigroupoid structure together with a related embedding ft' CA 

that preserves the involved (partial) products. Consequently, (B, A) i— > hom n [B, A] defines an CA-cobased 

category with an additional notion of evaluation given by arrows 
Ah ' ' 

A^ [honf 1 [B,A]oB] ■ 

The categories Y , obtained in [2], are particular cases of the categories f2 . In this way we generalize the idea 
of twisted coHom objects in the more general framework of twisting of quantum spaces. This setting enable us, 

CNJ ' in turn, to a better understanding of the results obtained in the mentioned paper. 

This article is based on the contents of [2] and |3] and references therein, thus we shall frequently refer the 

^J* ■ reader to them. Notation and terminology also follow those papers. 

<N 

. 

' In order to built up the categories Q, A ' B , let us first make a couple of observations. 

, 1. Consider on the category GrVct (of graded vector spaces) the monoid 

^ : V o w = (V„ ® W„) , 

for V = (J) neNo V„ and W = © neNo W n . The arrows V — > W in GrVct are homogeneous linear maps; i.e. its 
restrictions to each V n define maps V„ — > W n . It is clear that the forgetful functor S) : CA <^-» GrVct turns 
into a monoidal one, and Sj (A^) = Sj (A) = A = ©„ eNo A„ holds for every twist transformation ip £ 3 2 [Ai]. 
^ ■ 2. Let us construct the comma categories (Sj (A) j Sj (CA o B)), where the functor Sj (CA o B) is the com- 

position of CA o B and Sj. Its objects are pairs (ip, TL) where TL £ CA and ip is an arrow in GrVct, 

ip : Sj (A) -f Sj (TL o B) = Sj (H) o Si (B) . 

To every (<p, TL) £ (Sj (A) j Sj (CA o £?)), the surjection n v : B* x ® Ai -» H^f : W ® a, h-> /i? can be related, being 
h\ the elements of Hi defining the restriction of tp to Ai, i.e. ip (ai) = h\ ® bj. This linear surjection gives rise 
to a functor 

£ : (Sj (A) i Si (CAofi)) -CA, 

(2.1) 



2. The categories IT 



(ip,H) = (H^H*); 



where LP is the subalgcbra of H generated by H^f (an analogous functor is used in [2] to built up the categories 

Using last functor we shall construct each Sl A ' B as a full subcategory of the corresponding comma category 
(Sj (A) I Sj (CA o £>)). Given a couple of conic quantum spaces A and B, consider a counital element 

(2.2) u : f[Bj ® Ai ®Bi]®J - (JB^ ® Ai ® Bi] 
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of 3 2 [B^ ®Ai® Bi]. Eventually, for (<p, H) G (S) (A) j $3 (CA o g)), we can translate u to [Hf ® Bx]® through 
71"^ : BJ eg Ai -» in such a way that the diagram 

Bx ® BJ ® Ai — » Bx <g>Hf 



Bx ® BJ ® Ax — » Bx ®Hf 

be commutative, defining in this way a counital 2-cochain in 3 2 [Hj 3 ® Bx]. Last affirmation lies on the results 
given in Prop. 4 of 0, applied to the injection Hf > B| ® Ax. Then, if the resulting automorphism is 
admissible, we can define with it a twist transformation on TL V o B = $ ((p, H) o B. 

Definition 1. For every pair A,B G CA and cj G 3 2 [B* ® Ax ® Bx], we define SI* 4 ' 8 as the full subcategory 
of (Si (A) i Si (CA ofi)) formed out by diagrams (ip, 7i) such that to defines a 2-cocycle twisting on $ (tp, 7i) o B, 
and the homogeneous linear map ip is a morphism of quantum spaces A — > (5 (<p, Ti) o £?) ■ M 

Given now a collection of cochains {u>a,b\a g e cA ^ 3 2 [B* ® Ax <8> Bx], we name ST the disjoint union of 
the categories tt A ' B just defined. Clearly, CA° (see [2], or §1.2 of |3| for a brief review) is a category ST with 
an associated collection given by identity maps. 

Calling ^CA° the disjoint union of (Si (A) j Si (CA og)), it follows that every ST is a full subcategory of 
S)CA° . On the other hand, let us observe that S)CA° has a semigroupoid structure given by the functor 

(2.3) (<P,'H)x(x,S)"{(Ih°x)<P,'H°G); axp^aop, 

and CA° C f)CA is a sub-semigroupoid. In fact, this map is a partial product functor with domain 

V (S(4)lj5(CAoC))x(j5(C)lj5(CAoB)) 

A,B,CeCA 

and codomain S)CA° , such that 

(Si (A) I Sj (CA o 0) x (Si (C) I Si (CA o B)) -» (fl (.4) | f) (CA o B)) 

Its associativity comes from that of o, and the unit elements are given by the diagrams (I a-, /C), where £a is the 
homogeneous isomorphism A ±2 k [e] <S> A, such that a 1— > e n ® a if a G A„. Nevertheless, for a generic collection 
{w^i,g}^ BeCA of cochains, ST fails to be a semigroupoid. Furthermore, in the generic case, each £l A ' B fails to 
have initial objects. To address this problem, we shall consider particular cases. 

3. The semigroupoid structure of ST 
In what follows, all references to sections and theorems correspond to Recall the monies (c.f. §2.3.2) 
(3.1) j : <£• [Bx] ! x £• [A x ] x <f [Bx] <? [BJ ® A x ® Bx] . 

Definition 2. T collection {u>a,b}^ BeGA ^ factor izable if there exists another collection 

{^a} A £CA > e 3 2 [Ax] , 

such that uj A ,B — ) fV'Bi V'.Aj I® 2 ) • " 

Since Eq. (|3.1|l . such cochains w^g are in 3 2 [B* Ax ® Bx]. To give an example, in the TTP case with 
r a.b — id ® o~'b ® c^t, the cochain -0^ would be given by the assignment 



(3.2) a kl ...a kr (g> a kr+l ...a kr+a i-> a kl ...a kr ® (cr 



-rV 1 (^-r-N J 



<7 yl 1. Bi 



•+« 



From the injection 

(3.3) 3 2 [Bx] ! x 3 2 [Ax] x 3 2 [Bx] - 3 2 [BJ ® Ax] x 3 2 [Bx] , 

we shall also regard u> A ,B &s a cochain belonging to the latter set, depending on our convenience. 

Theorem 1. If a category ST is associated to a factorizable collection, then ST is a sub-semigroupoid of SiCA° . 

Proof. Consider the quantum spaces A, B and C, and diagrams {ip, TL) G S7- 4 ' 8 and {ip, Q) G Sl i3,c , with associated 



linear spaces (via the functor 

m,p 



n,m 



= span /i^ and = span 
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We are denoting by dimAi = n, dimBi = m and dimCi = p the dimensions of the generator spaces defining 
A, B and C, respectively. We must show that ((Ih ° x) ( P>'H G) (see Eq. (|2.3|l ') is an object of S} A ' C , and that 
the objects (£a, K-) are in f2'. That means the quantum space 5 ((Ih ° x) ip^o^), generated by 



span 



h i®9. 

j=l...m 



n.p 



,fc=i 



is such that (Ih ° x) f defines an arrow A —> ((Ih ° x) <P,7~L ° G) ° C) u m CA. To this end, let us introduce 
some notation. 

Denote by h and g the matrices with entries h\ G Hi and g\ G Gi, and by a, b and c the vectors whose 
components are a% G Ai, bi G Bi and c$ G Ci. Since (ip, Ti) and (ip,G) are elements of Q', uja.b an d wg,c 

defines cochains in 3 2 [Hf] x 3 2 [Bi] and 3 2 Gf x 3 2 [Ci] (see Eq. ipO|l). respectively. The latter are given 

by 



(3.4) 

and 

(3.5) 

where the symbols h r , 
and 



UA,B (K,s ® K,s) = [^A r ,s ' h ns • [^B 1 ]^ ® brs 
^B,C (gr,s ® Cr )S ) = [^B] r , s ' Sr,s • [V'c ^ r , a ® C r,s 

$ h s and [4>j\ r s ■ h r>s • [V'g 1 ] r s denote elements of the form 



l^-'ni...n r ,mi...m s ■■■ n i r ^ n k 1 --- n k s \Wb ) jl ...j r .l 1 



■I, 



respectively. Now, ((/# o ^) ip,Ho Q) G f2^ ,c if and only if (7# o x) defines the mentioned arrow in CA, with 
bj given by 



(h®g) } 



Here ® is denoting matrix contraction between h and g. It follows from straightforward calculations that, if 
uJAfi is well defined on $ ((Ih ° x) <P,T~i ° G) °C, then (Ih ° x) V is a homogeneous linear map A — * H (g> G (g> C 
defining the wanted morphism. So, let us first show that. To this end, extend u>a,c to H v o G^' o C by putting 
kU,e (hr,« <8> gr,s ® c r , s ) equal to 

From the last expression, and recalling that u>a,b and wg,c (given in H3.4J) and Ij3.5|) ) arc admissible, it follows that 
loa c is admissible for H v oQ^oC, and also for the subspace 3 ((Ih ° x) ^,Wo§) oC. Then, ((Ih ° x) / P,T~t°G) G 

n A < c . 

Finally, we have to show the units (I a, K) are objects of the corresponding categories OA. We know that £a 
is a homogeneous linear map such that £a (a) = e r 
Then, the cochain uja for (£a,1C) is given by 



) a, if a G A„. In particular, we can write I a i a i) = e $l ' 



with 



Accordingly w_4 for (£a, fC) is the identity map, and (K, o „4) w = /C o .A 



The following result is immediate. 

Proposition 1. Let us call oq the partial product associated to above mentioned semigroupoid structure o/f2'. 
The embedding ^ n : JT <—* CA : (ip,7i) i— ► 7i preserves the respective (partial) products and units, i.e. 

V n °o = o (qj n x <p n ) and «p n k> = K. ■ 
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4. The generalized coHom objects 

For to have initial objects we need an additional condition on u>a,b- 

Theorem 2. If ft' is associated to a factorizable collection given by {^PaIacca suc ^ that each hp a = ^P * s % n d 
A- admissible, then each have initial object 

hgm n [B, A] = > A* = (Bt> A)^ ^ . 
In particular, hom n [K, A] — A\^ and hom n [K, K] = /C; thus, 

horn 1 [B, A] = hom n [K, B] > hom n [K, A] . ■ 

Before going to the proof, let us make some remarks. Since tp A £ 3 2 [Ai], there exists a primitive 9a £ ^P 1 [Ai] 
such that tp A = 89a, H>a = an d ^P'a = ( see §3-2.1, §3.3.1 and §4.2.1, respectively). In addition, if 
I = ©„ >2 I« is the graded ideal related to A, we have from §3.2.2 that (provided hp is admissible) 

(4.i) i^,„ = e (i„) , i4,„ = e (i„) x = e- . 

Proof, (of theorem) We shall show Bty > defines an object of £l A B and then that is initial. 
Let us note that, given ip, ip £ 3 2 , with ip — 88 and <p — d\, it follows that 

j(v0,v) = )(d(6- 1 ),d( X - 1 ))=)(d(9- 1 , X - 1 )) = 

Also recall, if up is (2nd) .4-admissible, then ip is (2nd) ^^-admissible (see Prop. 14 of §3.3.1). 
By Theor. 16 of §4.2.2, using the 2nd ^-admissibility of hp a = ' l% Pi 

(B ilp >A^)oB=(B>A) j{ ^^ ) oB=(B>A) i)ii ,^ ) oB 
= ((B»A)oB) i)iilt ^ im) = ((B»A)oB) iu , 



because lu — lua.b — j (Vsi ^Pai ^® 2 ) ■ 



Then, 



((B^ > Aty) o B) a = (((B > .4) o B)J w = (B>^)oB, 

and consequently the map <5 : .A — ► (B > .A) o B : cij i— > z? ® 6j (with = 6 J ® aj), defining the coevaluation 
of the proper coHom object hom [B, A] — B > A, gives also a morphism S : A — > ((Bi^ > -At^) ° . Moreover, 
since the equality # (5, Bi^, > Aup) — Bty > ^4.^, the pair (<5, Bi^, > A^) is in . Let us show such a pair is an 
initial object. 

Suppose A and B have related dimensions dimAi = n and dimBi = m, and ideals I and J, respectively. Let 
us consider the vector space 

r "1 n : m 
Di = span z\ 

L J i,j=l 

and the linear map 5i : ai i— ► ® bj. Under the identification b J ® ai = zf, the cochain lua.b = w defines a 
counital 2-cocycle in £ 2 [Di ® Bi], and Si can be extended to an algebra homomorphism 

6* :Af -(Df oBf) u . 

Analogous calculations that enable us to arrive at Eq. (3.4) of show that 

Sf (SLr) = [0A} r -Zr-[8 B 1 ] r ^h rj 

(where we are using notation of previous theorem), or in coordinates, 

sf( ail ...a lr ) = (dA)t:Z 4-4- {^Zt ® b ^-- h *°- 

In fact, identifying Df with [BJ ® Ai]®, we have 

[0*1 ■ z r ■ W] r = O'b (K) ® OA M ; K = b k K..b k \ 

In this notation, the generators of I, J and J 1 - can be written 

[RxX- a r, [S„ r ] r -K and b* r -[S^] r , 

respectively. To have a well defined map S from Sf when Af and B^ 1 are quotient by their corresponding 
ideals, Df must be quotient by the elements 

(4.2) [RXrl-tfAl-Zr-ieBX-iS^] 
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Now, it is clear that a pair (<p, H) £ SjCA° is in Q A ' B if and only if there exist elements hj £ Hi C $ (<p, T~t) 
satisfying relations (|4.2|) (replacing z r by h r ). But the elements of (|4.2|) span precisely the space (from Eq. 

63)) 

e- B (j^) ® e A (i r ) = j^, r $ i^, 

which generates algebraically the ideal related to B^ > Ai^. Then, the function z\ \— » ft,^ can be extended to an 
arrow > A\^, — > 5 (V; ^0- But this is the unique arrow in that can be defined between these objects, 

that is to say, (5, B^ > A\^) is an initial object of Q A ' B . 

Finally, since the cochains of £* [k] are always (2nd) /C-admissible, in particular the primitive ones 'P 1 [Ik], 
it follows that any twisting of K, is isomorphic to 1C. Then, the last claim of the theorem follows immediately 
from the first one. | 



Note that the 2nd admissibility condition for each iip^ replaces the automorphism property of the related 
a a of the TTP case. Such a condition is immediate in the TTP case, because the properties defining a twisting 
map imply the related 2-cocycles are anti-bicharacters (c.f. §2.2.2 and §4.1.2). 

Now, a couple of immediate corollaries. 

Corollary 1. The gauge equivalence (see §3.5) horrf 1 [B, A] ^ horn [£>, A] is valid for all conic quantum spaces 

b.a. m 

Corollary 2. In the category of quadratic quantum spaces QA (and any CA m ), the initial objects o/fi" 4,6 are 
isomorphic to 

hom n [B, A] = (BiJ . A 4 , = (S ! ) lV)! • Aup = (£ ! . A)^ Mi) . ■ 

Under the hypothesis mentioned in previous theorem, and from the semigroupoid structure of Q compatible 
with the monoid in CA, we have the annunciated result: 

Theorem 3. The assignment (B,A) <— * horn [B,A] define an CA-cobased category with arrows 

hom Q [C, A] -> hom n [B, A] o hgm n [C, B] , 
the cocomposition, and for enaf 1 [A] the counit epimorphism 

end Q [A]-»JC / z\ ^ 81 e, 

and the monomorphic comultiplication 

end Q [A] <-+ end n [A] o end n [A] / zj h-> z\ <g> z{. ■ 
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